Chapter 3

M agnetohydrodynamics

Fluid equations are probably the most widely used equations for the description of inhomogeneous plas-
mas. While the phase fluid which is governed by the Boltzmann equation represents a first example,
many applications do not require the precise velocity distribution at any point in space. Ordinary fluid
equations for gases and plasmas can be obtained from the Boltzmann equation or can be derived using
properties like the conservation of mass, momentum, and energy of the fluid. The following chapter we
will derive a single set of ordinary fluid equations for a plasma and examine properties such a equilibria
and waves for these equations.

3.1 Derivation of the Fluid Plasma Equations

3.1.1 Definitions

The equations of ordinary fluids and gases as well as those for magnetofluids (plasmas) can be obtained
from equation 1.23 in a systematic manner. Defining the Oth, 1st, and 2nd moment of the integral over
the distribution function f; as mass density pg, fluid bulk velocity u,, and pressure tensor I,

ps(x,t) = my /00 v f(x,v,t) (3.1)
uy(x,t) = ni h v fy(x,v,t) (3.2
I, (x,t) = m; /00 Po(v —uy) (v — uy) fo(x, v, 1). (3.3

where the index s indicates the particle species (electrons and different ion species if present). With
these definitions one also obtains number density n,(x,t) = ps/ms, charge density p.s(x,t) = gsns,
momentum density p,(x,t) = psus, current density js(x,t) = gsus, and scalar pressure (the isotropic
portion of the pressure) p,(x,t) = $7r(IL,) where the individual particle mass m, and charge g, are
used. In the following section we will drop the index s for a more compact representation but remind the
reader that there is a separate set of fluid equations for each particle species.

The fluid equations are determined by the moments of the Boltzmann equation, i.e.,

36
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/ d*v v (Boltzmann Equ.)

[e.e]

To account for the collision term in (1.23) we define

Q*(x,t) = m / h d*v . (3.4)
QP (x,t) = m/ d*v(v —u) (3.5)
QE(X, t) = —m/ d*u( 8t (3.6)

The precise form of these terms depends on the particular properties of the systems and will not be
specified at this point.

3.1.2 Fluid Moments

To provide an example for the evaluation of the moments of the Boltzmann equations let us evaluate the
Oth moment of the integral. The first term of the equation becomes

/ 2t Q/OO Fofx, v, 1) = 200

ot ot ot

The second term is

/: Pov-Vf = /: PV - (VE(x, V) =V - /: FovFx.v.8) = V - (u(x, n(x. 1))

and the third term is
s F 5 Fiof /“2 7 / 5 | OF;
/_ dv Vof = Z/ dv mav ; _Oodv mf oo ; _ v m@vl

The terms on the rhs. in the above equation are 0 because the f = 0 for v; = +§ for each component

v; and in because OF;/0v; = 0 (see homework for the Lorentz force). Therefore

& F
/ dPv=—-V,f=0
e M

The collision term of the Boltzmann equation reduces to Q” (see equation 3.4) such that in summary the
Oth moment of the Boltzmann equation reduces to

on(x,t)
ot

4V (nu) = %Q”. (3.7)
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This is the usual continuity equation for the particle number density with a source term on the right side.
Multiplying (3.7) with the particle mass yields the continuity equation for mass density

Ip(x, 1)
ot

The source term describes production or annihilation of mass for instance through chemical reactions or
ionization or recombination. It is noted that (3.8) is for one species only. In the case of several neutral
constituents or ion species a corresponding continuity equation is obtained for each species. The total
production rate of mass has to be zero.

+ V- (pu) = @ (38)

Similar to the Oth moment the 1st moment of the Boltzmann equation [m ffooo d3v v (Boltzmann equation)]
and 2nd moment [3m [ d*vv? (Boltzmann equation)] yield the equations for the fluid momentum
(or velocity) and energy

0

TR o~ Ve (puw) - V-I+gn(E+uxB)+u@ + Q" (@9
o[ 1 1\ 1,
E(ﬁp+§pu) = —V'(§PUU+7_1PU+U'H+L)

1
+gnu - E + §U2Qp +u- QP+ QF (3.10)

with the heat flux L(x, t) = 3m [ d*v(v —u)(v —u)?f(x, v, t) and v is the ratio of specific heats, i.e.,
~v = 5/3 if a gas has 3 degrees of freedom for motion.

Elimination of 2 (1pu?) in the energy equation (with the aid of (3.8) and (3.9)) yields

L<Qp+V~pu):—(E~V)'u—V~L+QE (3.11)
Notes:

e As before the “fluid” Lorentz force E + u x B requires to solve the corresponding field equations
(1.15) - (1.18) .

e The Lorentz force (or any velocity dependent force now depends on the bulk velocity and velocity is
a dependent variable in the fluid equations rather than an independent variable as in the Boltzmann
equation.

e The source terms for mass Q”, momentum QP, and energy Q¥ depend on system properties and
need to be specified through these or through a systematic collision operator and the corresponding
velocity integrals. The terms reflect mass generation and annihilation Q”, momentum exchange
through friction Q?, and energy exchange collisions Q. The friction term QP for a species s can
be expressed in terms of an effective collision frequency Q? = >, vymn(v, — v;)

e The pressure tensor is often split into a scalar pressure and a viscous tensor II = pl + w, with
p = 5Tr(II) and the viscous tensor w.
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ou;
oxy,

e Often a kinematic viscosity o;, = a < + %) + b%éik is used on the right of the momentum

equation yieldingaterm V- o = nAu+ (¢ + 2) V(V - u).

The fluid equations without the source terms imply the conservation of the corresponding property (mass,
momentum, and energy). Consider the mass in a given volume defined by

MV:/pd3x
v

The change of mass in the volume is

dMy p _ / 3. _ %
i —/Vatdx— VV vpd’r = Svpv ds

where Sy is the surface of V. In other words the mass in the volume V' changes only if there is a nonzero
density flux (velocity) across the surface of the volume. Similarly momentum and energy are conserved.
However, for the energy one has to include momentum and energy which is contained in the fields as
well.

Exercise: Determine the integral of the 1st order moment for the first two terms in the Boltzmann equa-
tion.

Exercise: Derive the 1st order moment force term for a gravitational force and the Lorentz force (velocity
dependent).

Exercise: Do the same for the energy equation (i.e., multiply the Boltzmann equation (1.23) with %mvz
and integrate).

3.1.3 Typical Fluid Approximations

Equations (3.8) - (3.10) establish the typical set of fluid equations which are used in many simulations of
fluids and gases like weather simulations, air flow around aircraft or cars, water flow in pipes or round
boats, and many other research and technical applications. Using the set of equations (3.8), (3.9), and
(3.11) we can derive most equations commonly used in fluid simulations:

e For a known velocity profile u and no sources @ = 0 it is sufficient to model the continuity equa-
tion for instance to derive the evolution of density of a gas or the concentration of dust, aerosols,
etc. in any medium like air water etc.:

dp B
E‘FV'(pu)—O

e If the velocity profile is incompressible V - u = 0 the equation reduces to the common advection
equation:



CHAPTER 3. MAGNETOHYDRODYNAMICS 40

dp B
E—FU'V/)—O

e With the total derivative along the fluid path defined as 4 = 2 + u - V the advection equation is

dp
— =0

¢ In the hydrodynamic case )no electric and magnetic forces):

— For no sources Q*, QP = 0, no viscosity ¢ = 0 (scalar pressure) and gravitational accelera-
tion for the force term one obtains Euler’s equation :

ou 1

— +u-Vu=—-Vp (+

5 SVp (+8)

— With a kinematic viscosity included the momentum equation is known as the Navier-Stokes
equation:

0
p Mo w-vua) = —Vp +nAu + <C+ﬂ> V(V-u) (+ pg+)
ot 3
e Neglecting pressure and external force terms and assuming a simplified viscosity one obtains
Burger’s equation:

aa—ltl—l-u~Vu—yAu:O

e Diffusion and heat conduction: A diffusion equation can be obtained from the continuity equa-
tion and a redefinition of the bulk velocity in the presence of several particle species. However,
the more straightforward equation for diffusion is obtained for heat conduction (i.e., diffusion of
temperature). Equation (3.11) can be re-written in different forms. Defining % = pe yields an
equation for the internal energy ¢ of a gas. More commonly used is the ideal gas law p = nkT to
re-write the energy equation into an equation for temperature. Assuming scalar pressure, constant
density, and a heat flux driven by a temperature gradient L = —xVT on obtains

oT
9L _ AT
o M

e Steady state equation are generated from the above sets by assuming 0/0t = 0. For steady condi-
tion the velocity is often determined from a potential which can be scalar if the flow is assumed irro-
tational (u = V®) or incompressible flow is modeled sometimes by a vector potential (u = Vx V).

Exercise: Using the continuity equation and the stated assumptions derive Euler’s equation.

Exercise: Derive the equation for heat conduction with the stated assumptions.

Exercise: Derive the heat conduction equation for nonzero velocity u.
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Exercise: Derive the continuity equation and momentum equation for irrotational flow.

Exercise: Assume a scalar pressure, L = 0, and Q* = 0 in the pressure equation (3.11). Consider a
function g = p®p® and determine a and b such that the resulting equation for ¢ assumes a conser-
vative form, i.e., dg /0t +V - gu = 0.

Exercise: Assume a scalar pressure, L = 0, and Q¥ = 0 in the pressure equation (3.11). Consider a
function » = p?p® and determine @ and b such that the resulting equation for » assumes a total
derivative, i.e., Oh/Ot +u - Vh = 0. For v = 5/3 this equation becomes a measure for entropy
because entropy is conserved for adiabatic changes.

3.2 Two Fluid Plasma Equations

In the absence of ionization and energy exchange collisions and considering a simple two component
(ion and electron) plasma, one obtains the so-called two fluid equations. With p, = mn, one obtains the
following continuity, momentum, and energy equation for species s

0ps

= V. A2
ot V- (psuy) (3.12)
dpsug
ot = -V (psusus) -V Hs + QSns(E +us X B) + Qg (313)
1 dps 1 E
o i T TV opsts — (I - V) - ug = V- L+ Q, (3.14)

where Q2 describes friction between the two components and effectively describes an electric resistance.
Effectively one can express the friction terms as Q? = vgmgns(vy — vs) where vy, is the collision
frequency for particles of species s to collide with particles of species t.

Specifically we have for electrons

Q? = veimene(u; —u) (3.15)

with the condition:

Q+Q'=0 (3.16)
and the Coulomb collision frequency v,; as derived in section 1.4. The condition (3.16) is required

because of the conservation of total momentum. For a two-component plasma with single charged ions
the energy conservation is

u-Ql+u. QP+ QF +QF =0

or

Qf“’@f = (ui - ue) Qle)
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Note that for many applications quasi-neutrality, i.e., n. = n; = n isa good assumption. The correspond-
ing equations are sometimes also called two fluid equations. Often it is also assumed that the pressure is
scalar or gyrotropic, i.e., is different parallel and perpendicular to the magnetic field. The heat conduction
term is often neglected. Further use of these equations will be made in derivation of the MHD equations
in the following section and in chapter 4 on two fluid properties such as waves and instabilities.

3.3 Single Fluid or MHD Equations

3.3.1 Derivation of the MHD equations:

While considerably much simpler the two fluid equation contain still considerable complexity which is
not needed for many plasma systems. Thus it is desirable to formulate a more appropriate set of equations
which is applicable for large scale systems. This set of equations are the so-called MHD equations.
Assuming electrons and single charged ions with ¢; = —q. = e and a charge neutral plasma n. = n; the
total current density is

j=en(u; —u,)

We can also define the total mass density as p, effective mass M, and bulk velocity or total mass density
flux pu as

p = nlmi+m.)
M = m;+m,
pu = n(m;u; +meu,)
with these definitions one obtains
Vi =0

Wiy 0 (3.17)
- . u _ .
ot P

Exercise: Derive the above equations.

With the above definitions we can uniquely express u; and u, in terms of u and j the goal being to derive
equations which substitute the two-fluid equations for momentum (3.13) and energy (3.14) density.
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It is also assumed that the pressure is scalar for both the electron and the ion components even though this
is not necessary. By taking the sum of the momentum equations and substituting u; and u, one obtains:

dpu Mem; I.. .
W+v-(puu)+ 2 V'(;JJ) =—-Vp+jxB (3.18)

with p = p; + p.. Note that the total momentum has to be conserved such that Q¥ + Qf = 0.
Exercise: Derive the momentum equations.

A second equation is required for uniqueness (there are two momentum equations for the two fluids).
This is obtained by multiplying the ion equation with ¢;/m; and the electron equation with ¢./m. and
the sum of the modified equations:

ellly a. . . M T . .
T —‘]+V~(uJ+Ju) ——Vpe—FﬁJXB—FU_] (3.19)
e2p |ot ep ep

E+uxB=

with the resistivity n = m.v./ne® where v, is the collision frequency between electrons and ions (or
neutrals). This equation is usually termed generalized Ohm’s law. In the above equation the first term
on the rhs is often called the inertia term because it represents the electron inertia in this equation.

Exercise: Derive Ohm’s law from the two fluid approximation.

The second term is the electron pressure force and the third term is the Hall term.

Note that thus far there has been no approximation in our derivation (except for the pressure isotropy
which is not really required) such that the above form of Ohm’s law is fully equivalent to the two-fluid
equations.

Finally one can take the sum of the electron and ion pressure equations and keep the electron pressure
equation unmodified to obtain

1 0
1 0 .2
gt Voru) = pV u -V Lot

Note that the ohmic heating term is present both in the sum of the pressure equations as well as in
the electron equation. Here it is assumed that For the MHD equations we will now neglect the terms
associated with the electron pressure, and the first, second, and third term on the rhs of generalized Ohm’s
law. Summarizing the equations and complementing them with the non-relativistic Maxwell equations
one obtains the following set of equations termed the resistive MHD equations:
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dp

— : = 3.21
BT + V- pu 0 (3.21)
ag;tu +V-(puu) = -Vp+jxB (3.22)
E+uxB = nj (3.23)

1 3}
(2,9 pu) = gV outa (3:24)

v—1\0t
VxB = ugj (3.25)
V xE+ o8 =0 (3.26)

ot

The above equations do not contain V - B = 0. This equation enters actually as an initial condition. If
V - B = 0 is satisfied initially then the induction equation implies V - B = 0 at all times.

Exercise: Use Ampere’s law and V - B = 0 to show that the momentum equation can also be written as

2
%:—V- {puu—i— <p+B—)l—iBB]
ot 200 ) = o

In the above equation the term B?/(2u0) is referred to as a magnetic pressure. This terminology makes
sense as will be shown in simple magnetic equilibrium situations.

3.3.2 Approximations used in the MHD equations:

a) First it should be noted that the MHD equations are derived from the two fluid equations and thus are
subject to the general limitations of fluid equations, i.e., they cannot address discrete or single particle
effects. such as gyro motion. Note, however, that it is not necessary to have just two charged particle
species to derive the MHD equations.

b) In terms of the full set of two fluid equations we have assumed exact charge neutrality

Ne = Ny

This assumption basically removes plasma phenomena on the plasma frequency because plasma oscilla-
tions are an electrostatic process which requires small space charges. Thus MHD equations are valid for
much lower frequencies than the plasma frequency.

c) In Maxwell’s equations the displacement current has been neglected by assuming that there are no
electromagnetic waves propagating at the speed of light. Divergence B is satisfied through the initial
condition (show this) and quasi-neutrality satisfies Coulomb’s equation.

d) In the momentum equation we assumed an isotropic pressure. In general the pressure is a tensor,
however in particular in a collisional environment, collision will keep a distribution function close to
local thermal equilibrium. In the absence of collisions a strongly anisotropic pressure can cause Kinetic
instabilities which will also tend to isotropise the pressure. A later chapter will discuss corresponding
processes and effects from a gyrotropic pressure, i.e,, a pressure tensor with different pressure parallel and
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perpendicular to the magnetic field. Nonisotropic pressure components are also sometimes included in
kinematic viscosity (or gyroviscosity). The momentum equation also does not include the <5V - (%jj)
term. this term is small for various reasons one of which has to do with a scaling argument which will be
addressed in connection to Ohm’s law. In addition the magnitude of electric current is often smaller than
the magnitude of the bulk flow in the V - (puu) term.

e) The form of Ohm’s law in equation (3.23) is called resistive Ohm’s law and the resulting set of MHD
equation is called resistive MHD. If = 0 we use the term ideal MHD. The main assumptions (sim-
plifications) in Ohm’s law can be better understood by examining general Ohm’s law (3.19) through a
normalization or dimensional analysis.

Measuring all quantities in typical units, i.e., the magnetic induction B in units of a typical magnetic
field By such that B = ByB where B is now of order unity, we can examine the coefficients of the
different terms in Ohm’s law. Note that velocities should be measured in units of the Alfvén speed
ug = Bo/+/Itopo, time in units of Alfven travel time ¢, = Lo /uo, and length scales in a typical scale for
gradients in the system L. Applying this scaling yields

c

- PR T I~ o n
E+uxB= —+V-<uJ+Ju> =Vp. + —jxB+17j
wpiLo p Wpidog P

The terms

c/Wpe = (eomec2/n62) 1/2

and

c/wpi = (mi/me)l/Qc/wp6 > ¢/wpe

are called electron and ion inertia scales (or electron and ion skin depth because of the extinction length
of waves in a medium). Note that all MHD quantities are measured in typical units such the the typical
values of B, p, etc is of order unity. Thus the inertia term (first term on the right) is important only if the
typical length scales of a system L is comparable to or smaller than the electron inertia scale. Similarly,
the electron pressure term and the hall term (2nd and 3rd term on the right) are important only if typical
gradient scales are comparable to or smaller than the ion inertia scale ¢/w,,;. Thus it is justified to neglect
these terms if the gradients in the system are on a much larger length scale then these inertia scales.

Other notes on Ohm'’s law

e The j x B term is usually addressed as the Hall term. With u x B — ?—pJ x B =u, x BOhm’s
law can be written as

mem; | 0j L. M .
— + V- — —Vp.
2, | ot + V- (uj + ju) ” De + 1Mj

E+u xB=

e If the electron inertia terms (c/w,.) are neglected the corresponding set of equation are often ad-
dressed as Hall MHD.

e If both electron an ion inertia terms are neglected Ohm’s law is called resistive Ohm’s law E + u x
B = +nj and the MHD equations are addressed as resistive MHD.
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7

C(ty+dt)

Figure 3.1: Illustration of the frozen-in condition.

e If in addition resistivity » = 0 we address Ohm’s law and the MHD as ideal Ohm’s law and Ideal
MHD.

Exercise: Assume a plasma density of 1 cm~3, temperature equivalent to 1 keV, and a magnetic field of
20 nT which are typical for the near Earth magnetotail. Determine electron and ion inertia scales.
Assume that quasi-neutrality is violated in a sphere with the radius of the electron inertia length by
1 % (e.g. 1% of the ion charge is not compensated by electrons. If outside were a vacuum what is
the electric field outside the sphere? What velocity perpendicular to the magnetic field is required
by Ohm’s law to generate an electric field magnitude equal to that on the surface of the sphere?

Exercise: For the plasma in the prior exercise, determine the temperature in degrees Kelvin. Determine
the energy density in KW hours/m? and KW hours /R? (1 Rr = 6370 km). For the sake of simplicity
assume that the plasma sheet is represented by a cylinder with 10 Rg radius and 100 R length.
How long could a power plant with an output of 1000 MW operate on the energy stored in the
plasma?

3.4 Propertiesof the MHD equations:

3.4.1 Frozen-in Condition

The MHD equations are a very commonly used plasma approximation. They conserve mass, momentum,
and energy. As mentioned above they are valid on scales larger than the ion inertia scale. It is important
to note that the ideal MHD equation do not have any intrinsic physical length scale. This implies for
instance a self-similarity in the sense that the dynamics on small physical length scales is exactly the
same as for large scale systems with the only difference that the larger system evolve slower. This can
be illustrated by normalizing the equations to a particular length L, which implies that the typical time
scale is 7o = Lo/ua (With us = By/,/ftopo). For a system which is identical except that is is 10 times
larger the length scale is 10L, and the time scale is 107y. Thus a simple re-normalization yields exactly
the same dynamics.

Ideal MHD assumes that the plasma is an ideal conductor (resistivity » = 0) and that terms on the ion
and electron inertia scales can be neglected. Thus Ohm’s law becomes

E+uxB=0
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fy

Figure 3.2: Illustration of line conservation

which implies that the magnetic flux is frozen into the plasma motion. This can be seen from the following
arguments. The magnetic flux through the surface C' is the surface integral

@C:/B-ds
C

with ds being the surface element of the contour C'. The contour elements move with the fluid velocity
u. The change of the magnetic flux from time ¢, do tq + dt is

C(to+dt) 8B
q)c(t() + dt) — CI)C(tO> = / B-ds+dt — - ds
Cto) Cto) O
= dt % B (uc xdl)— / (V X E)
9C(to)
:dt% (B xuc) - % —u x B)-dl
9C(to)

= dt fi’acao) [(u—uc) xBJ-dl

where the first term on the rhs represents the contribution from the change of the shape of C' and the
second term the contribution from the change of B. It follows that

d®c
dt =0

if the surface is moving with the fluid uc = u. In other words the amount of magnetic flux through
any given cross sectional area of the MHD fluid does not change in time if this area which moves with
the fluid. The frozen-in condition can also be understood in the following way. Two fluid elements are
always connected by a magnetic field line if they were connected at one time by a field line (a line defined
by the direction of the magnetic field at any moment in time). In other words a field line can be identified
by fluid plasma elements. This property is sometimes called line conservation. This requires that ideal
Ohm’s law applies, i.e., electrical resistivity is zero.

A more complete form of Ohm’s law should be considered if gradients on smaller scales exist in a plasma.
Since the ion inertia scale is by a factor of \/m;/m. larger than electron inertia effects the first terms to
consider are the Hall term and the electron pressure term (note that the electron pressure is typically an
order of magnitude smaller than the ion pressure such that contributions from this term are small. It is
interesting to note that
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u, = u — (3.27)
ep

Comparing this with generalized Ohm’s law we can re-write this neglecting the electron inertia scale as

M
E+u xB= —EVpe (3.28)

In other words the addition of the Hall term transforms Ohm’s law from E + u x B = 0 in MHD into
E + u,. x B = 0. With this form it is clear that the frozen-in condition for the magnetic flux applies now
to the electron fluid (note that one can also include a scalar electron pressure term in Ohm’s law if the
density does not vary strongly).

There will be various applications using the fluid and the kinetic equations. Typical applications con-
sider waves, discontinuities and shocks, instabilities, steady state solutions, and equilibrium solutions.
Particularly for the last topic it is important to note the following terminology.

Steady state assumes time stationary solutions with nonzero velocity, /0t = 0 and u # 0.

Equilibrium solutions assume 0/0t = 0 and u = 0. Note that for kinetic systems the velocity in phase
space is always nonzero for physical systems. Also the electron velocity is nonzero in current
regions.

Electrostatic solutions assume 0B /0t = 0. This impliesV x E = 0 or E = —V¢. In this case Ohm’s
law must be replaced by the Coulomb equation.

3.4.2 Entropy and Adiabatic Convection

In an ordinary gas or fluid the change of heat due to pressure or temperature changes is

AQ = CydT + pdV

Assuming an ideal gas (with 3 degrees of freedom)

T =pV/R

and the specific heat and coefficients of specific heat

and the ratio v = ¢,/cy = 5/3.
Thus the change in heat becomes
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AQ = cyVdp+ c,pdV

d dv
= cvpV (_p + 7—)
P V

Entropy changes are defined as dS = AQ/T or
S o Cyln (pV7)

For adiabatic changes of the state of a system we have d.S = 0 which can also be expressed as

d(pp™ 0
(pOZ ) = Epp_fy +u-V (p,o_'y) =0 (3.29)

with the specific volume V' o 1/p. This equation implies that the entropy of a plasma element does not
change (moving with this element). The same relation can be derived from the total pressure equation

1 0
m(aP‘l‘V'pu) =-—pV-u

with the help of the continuity equation for density.

Exercise: Derive equation (3.29) from the pressure equation.

Properties of magnetic flux tubes:

The volume of a closed magnetic flux tube (magnetosphere or magnetic mirror) is given by

Lo
Vi = / (// ds) dl
Iy Ac(l)

which is taken along the entire length of the flux tube with a cross section that is varying along the flux
tube. For a “sufficiently thin flux tube the cross section of the tube varies as

1
A, x —
*B

This leads us to the definition of the differential flux tube volume

L2 g1
V= —
|5

Examine properties of such a magnetic flux tube:
The total number of particles on the flux tube is
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l2
Ny = / (// nds) dl
l1 Ac(l)

which is the plasma density integrated over the volume of a magnetic flux tube.

The change of the total number of particles over a time period from ¢ to ¢ + At is given by the change in
length of the flux tube, changes in the cross section boundary, and a change in the local number density

lotrat lo
AN = / (// nds)-dl—/ (// nds)-dl
I+ At Acit l1,t Acit
lo¢
T L (1))
I A t+AL Aet
l2
+/ (// (n(t—i—At)—n(t))ds)-dl
A Ac(l)
la i1t l1,t4A¢
UL [ L)
l27t Ac,t ll,t Acyt
lQ,t l2
+/ <% nqutxdc)~dl+/ (// (n(t+At)—n(t))ds)~dl
I Agt+A I Ac()

where A, is the cross section of the flux, u; is the velocity of the boundary of the flux tube, and dc is the
line element along the flux tube boundary. The temporal change of the total number of particles in the
flux tube is

AN
AW //A s+t //A s
l2,t l2 —
+/ % nUf'ds+/ <// n(t+AAt) n(t)ds)-dl
l1¢ Ac,t I Acyt t

here uy; and uy is the velocity of the flux tube boundary at the points /; and l,. And in the limit At — 0
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A uf2~// nds+uf1-// nds
dt Aca,t Act,t
lg,t 12
+/ % nuf-ds—/ / V - (nu) d®r
l1_’t Acyt I Acyt
- // (n(uy — u))- ds
sur face(Vy)

In other words the number of particle changes only as a result of a motion of the flux tube boundary
different from the plasma motion. In particular this implies that

¢ flow through the ends of the flux tube (into the ionosphere or out of a magnetic mirror configuration)
can change the total number of particles on a flux tube

e the number of particle does not change for closed ends (i.e., no flow through the ends) and ideal
MHD because the boundary of the flux tube are magnetic field lines and plasma elements move
with the magnetic field (= boundary of the flux tube).

e using the definition of a differential flux tube

L2 ndl
N = -
, B

is conserved in ideal MHD in the absence of flow at the ends of the flux tube

The above discussion considered the the total number of particles which is the integral over the number
density. For the derivation of the constancy of total number of particles on flux tubes we only required
that the number density satisfies a continuity equation. This implies that any property which satisfies a
continuity equation is conserved. In particular it can be shown that

8pl/v
ot

if heat flux and energy sources are negligible. For slow (adiabatic) changes the pressure is constant on
magnetic field lines such that we can define

2 plidl
H=p'"v =/ b
I

+V-p/ =0

B

Since p'/7 satisfies a continuity equation the derivation for dH /dt follows exactly that for density such
that dH /dt = 0 for ideal MHD and no flux through the ends of a flux tube. Consider the specific entropy
of a flux tube as S = H". This implies that the specific entropy satisfies

s dpV7r

== 0
dt dt
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This is a generalization of the local conservation of entropy

dpp™"
i !
The number of particle on flux tubes and the flux tube entropy are important to achieve insight into con-
vection. Considering for instance the magnetosphere these quantities can be evaluated in the equatorial
plane thus providing a two-dimensional map of flux tube entropy. Steady convection implies 9/0t = 0,
i.e., the magnetic and plasma configuration does not change. Thus steady convection can occur only
along contours of constant flux tube entropy.

Other equations of state:

The rigorous derivation of the MHD equations from the Boltzmann implies v = 5/3. However there are
situations where it is more appropriate to assume other values for gamma to emulate a particular equation
of state. We illustrate these using the equation for pressure.

1 0
1 <§p+v-pu) =—-pV-u

a) Adiabatic changes: The value of v = 5/3 corresponds to adiabatic change and we can transform the
pressure equation to an equation for adiabatic changes.

b) Isothermal changes: With p = nk,T we can re-write the pressure equation as

OT/OT +u-VT = —(y—1)TV -u

Thus a value of v = 1 leads to d7'/dt = 0T /9T + u - VT = 0 and implies isothermal changes.

c) Incompressible changes can be modeled in the limit of v = oo because this limit implies V- u = 0
such that dp/dt = 0.

3.4.3 Conservation laws:

The MHD equation satisfy mass, momentum, and energy conservation.

dp

o~ Ve

R S G

—~— = -V.|puu+(p+-—|1—-—BB

ot g g 210/ = 1o

o 1 1 -B )
Mo = —V-{(—pu2+£+—32)u—u B+£J><B

ot 2 vy—=1 " po Ho Ho

with the total energy density
1, P 1,
== —~ _+__B .
Wiot 2pu + - 1 + 2#0 (3 30)
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Exercise: Demonstrate the validity of the energy conservation equation.

The various terms in (3.30) are the energy density of the
Bulk flow: 1pu?

3.5 MHD Equilibria

Resistive Diffusion

Before discussing equilibrium properties let us first consider effects of electric resistivity. Using the
resistive form of Ohm’s law (with constant resistivity ») and the induction equation

0B
- = _ E
BT V X
= Vx |uxB-— EV x B
Ho
= Vx[uxB]—iriAB
Ho
In cases where the velocity is negligible one obtains
9B _ AR
ot Ho

This equation indicates that the magnetic field evolves in the presence of a finite resistivity even in the
absence of any plasma flow. This process is called resistive diffusion. Dimensional analysis yields for
the typical time scale

poL?
Ui

Tdiff ~
i.e., diffusion is fast for large values of n or small typical length scales. For the prior discussion of the

frozen-in condition we require that the resistivity is O or at least so small that the diffusion time is long
compared to the time scale for convection where the frozen-in condition is applied.

Basic equilibrium equations and properties:

Equilibrium requires 9/0t = 0 and u = 0. Thus the MHD equations lead to

-Vp+jxB = 0
VXxB = uj (3.31)
V-B =0



CHAPTER 3. MAGNETOHYDRODYNAMICS 54

Taking the scalar product of the momentum equation with B and j yields

B-Vp =0
j-Vp =0

In other words the pressure is constant on magnetic field lines and on current lines.
Note: There is no equation for the plasma density. Only the pressure needs to be determined. From

p = ’I’I,/{ZBT
it follows that only the product n7" is fixed and either density or temperature can be chosen arbitrarily.
The momentum equation can also be expressed as

or

This implies particularly simple equilibria for B - VB = 0 (a simple case of this condition is a magnetic
field with straight magnetic field lines). In this case the equilibrium requires total pressure balance where
the sum of thermal and magnetic pressure are 0, i.e.,

B2
\4 <p+ —) =0
240

2
p+ 2—M0 = const (3.32)

A particular example of this class of equilibria is the plain current sheet with the specific example of a
so-called Harris sheet with

B = Bytanh % e,

or

with
x
= h—2=
p pocosh™ —
BO -2 T
1 = _ h — -
J oL o8 L ©
o X
p = pocosh™? 17

with py = B3 /(240).
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VA

\/

Figure 3.3: Representation of field lines by the the vector potential

/Az = const

Note that one can add any constant to the pressure. It is also straightforward to modify the magnetic field,
for instance to an asymmetric configuration. the pressure is computed from (3.32) and only subject to the
condition that it must be larger than 0 everywhere.

The magnetic and plasma configuration also determines how important pressure relative to magnetic
forces are. It is common to use the so-called plasma 3 as a measure of the thermal pressure to magnetic
field pressure (this is also a measure of the corresponding thermal and magnetic energy densities.). The
plasma (3 is defined as

2pop

P=—5

Two-Dimensional Equilibria

A systematic approach to solve the equilibrium equations usually requires to represent the magnetic field
through the vector potential.

B=VxA

Consider 2d system with 9/0z = 0 such that B = B(z, y). In this case the magnetic field is uniquely
represented through the = component of the vector potential A, (x,y) and the B, (z,y) component:

B=Vx(A,e.,)+ B.,e,=VA, xe,+ B.e,

We only need two dependent variables because of V - B = 0. Note also that this form of B always
satisfies V - B = 0. Denoting the field in the x, y plane as

B, =V xA,(z,y)e, = VA, (z,y) X e, (3.33)

it follows that B is perpendicularto VA, and e..

Therefore lines of constant A, (contour lines of A,) are magnetic field lines projected into the z, y plane.
The difference of the vector potential between two field lines is a direct measure of the magnetic flux
bound by these field lines. The vector potential can be obtained by integrating

B, = 0A./dy and B, = —0A, /ox.
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In spherical coordinates the use of a component of the vector potential is similar but slightly modified.
Consider two-dimensionality with 9/0¢ = 0. In this case the magnetic field is expressed as

B(r,0) =V x A,(r,0)e, + By(r,0)e, (3.34)

Explicitly the magnetic field components are

1 0 )

B, = 7r25in9%(rsmej4¢)
1 0 )

By = —Tsineg(rsmHA@)

Remembering that the gradient in the r, 6 plane is defined as

_of 10f
VIi= 508t g

one can choose f = rsinf A, suchthat B - V f = 0. It follows that magnetic field lines are determined
by
rsinf A, = const (3.35)

Exercise: Consider the magnetic field B, = Byy/L, B, = eB,. Compute the equations for magnetic
field lines.

Exercise: Repeat the above formulation for cylindrical coordinates with 9/9¢ = 0.

WithV x (AxB)=A(V-B)—B(V-A)+ (B:-V)A — (A -V)B the current density becomes

1
j = —VXx[VA, xe, + B.e,]
Ho

1 1
= ——AAe,+—VB, xe,
Ho Ho

such that the z component of the current density is

1
jz = __AAZ
Ho

Substituting the current density in the force balance equation and using A x (B x C) = (A-C)B —
(A-B)C
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0 = —Vp+jxB

= —Vp+ L [—AA,e.+ VB, xe,| x[VA, xe, + B,e,]
Ho

1
= “Vpt oo {—~AA VA, — (VB, xe,)-VA,)e, — B.VB.}
0

1
= ~Vp+ o {-AAVA. - B.VB. + VB x VA
0

Here the term VB, x V A, has only a z component because VB, and V A, are both in the z, y plane.
Since it is the only term in the z it follows that VB, x VA, = 0 or VB, ||V A,. Thus we can in general
express B, = B,(A,). This can be used to express

1_ ., 1dB?
B.VB. = VB = S EVA,

In summary the force balance condition leads to

1 dB?

2419 dA.

Since the pressure gradient is along the gradient of A, the pressure must be a function of A.. It follows
that

B d B.(A.)?
A142 - _MOdAZ (p(Az> + 2,“0 )

In this equation p represents the thermal pressure and B? /2y, is the magnetic pressure due to the z
component of the magnetic field. In other words in two dimensions the magnetic field along the invariant
direction acts mostly as a pressure to maintain an equilibrium. Defining

B2
HA) =pa 2
p(A) =p o
we have to seek the solution to
AA, = — d p(A,) (3.36)

Usually p(A.) is defined as a relatively simple form. Most convenient for traditional solution methods
is to define p(A,) as a linear function of A,. More realistic is a definition which requires a kinetic
background. We will later show that local thermodynamic equilibrium implies p(A.) o exp (—2A,/A.)
where A, is a constant which follows from the later kinetic treatment of the equilibrium.

Exercise: Consider p(A,) = poexp (—2A4./A.) and B, = 0. Show that a one-dimensional (0/0y = 0
and 9/0z = 0) solution of equation (3.36) has the form A, = A.lncosh (z/L) and that the
magnetic field in this case is the Harris sheet field.
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Exercise: Consider one-dimensional solutions with 9/0z # 0. Obtain the first integral of the equation
(3.36) by multiplying the equation with dA,/dx and integration. The resulting equation is the
equation of total pressure balance. Interpret the term in the first integral in this manner.

Exercise: Consider a two-dimensional plasma 0/0z = 0 with B, = 0 and use the representation of
the magnetic field through the vector potential. Replace the magnetic field in resistive Ohm’s law
E+uxB= %V x B through the vector potential and show for n = const that this yields for
the z component 0A,/0z +u- VA, = %AAZ. For = 0 this equation directly demonstrates the
frozen-in condition. Explain why.

Note that the above discussion can be generalized to coordinate systems other than Cartesian. For Lab-
oratory plasmas with an azimuthal invariance it is often convenient to use cylindrical coordinates with
0/0¢ = 0. If there is invariance along a cylinder axis one can also use 9/0z = 0.

3.6 MHD Stability

3.6.1 Energy principle

Here the operator K (and integration of volume play the role of a potential and the potential energy
is the above expression for the small displacement £. This is analogous to the formulation in classical
mechanics. Considering a kinetic energy 7" and a potential U one obtains the Lagrangian L(q, ¢,t) =
T — U for the generalized coordinate ¢ and velocities ¢. The Lagrange equations of motion are

doL oL _
dt 0§ 0Oq
An equilibrium point i.e., a point where the acceleration is zero is given by

_4doL _
Cdtoq

which implies

oL oU

a0~ g,

q=qo0
We now define the coordinates as £ = g — ¢o and assume the ¢ to be small displacements from the

equilibrium point. The potential can be expanded in terms of the displacement at the equilibrium point
ie.

ou (Qo)
dq

182(](610)

U(§) =U(q)+ 50 £ 4 ..

§+

Substituting & and in the Lagrangian with the kinetic energy %52 yields the equation of motion
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- 0%U (g
e T
with the solutions
. . 1 82U(q0) 82U(q0)
= + th w?=—
€ =exp (tiwt) with w o for o >0
. 1 82U (qO) 82U (qo)

A Nonlinear stability
V()
HE o> Z
Equilibrium:
dV/dE=0
Thus the solution is oscillatory and therefore stable L E>
if the potential has a local minimum and the solution 1 & & A
is exponentially growing if the potential has a local Stability: Instability:
maximum. d2V/1dE2>0 d2v/dg2<0
V(@) V(E)
& £ &g &

The energy principle for the MHD equations has to be interpreted in a similar way. An equilibrium
is stable if the potential energy is positive for all small perturbations £ and it is unstable if there are
perturbations for which the potential energy can become negative (Note that the equilibrium value of the
potential is 0.

3.6.2 Applications of the energy principle

Stability and magnetic flux tube volume

In a plasma with a small plasma (5 the evolution is strongly dominated by the magnetic field such that
magnetic flux tubes carry much of the energy. we had defined the magnetic flux tube volume as

dl
V= [ =
B

The thermal energy contained in a flux tube is pU and since the flux tube volume changes during convec-
tion the energy associated with the flux tube changes. Using the pressure equation we have
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AV
p+Ap=p—ypV-u=p+p—-
Note that dp/dt = —ypV -uand V - u = — 14+ — —L 4% which is obtained from
@ _dpV?Y 0
dt — dt
The pressure change in the vicinity of the flux tube is
(V+AV)=p+ @AV
g Py

Considering a small displacement from the equilibrium: If the pressure change in the flux tube is greater
than the pressure in the surrounding tubes then lower energy state is the equilibrium and energy has to be
brought into the system to achieve the change. In other words the configuration is stable for

AV dp
— + —A
P % + % V>0
or
V dp
or il
np
dmv =7
Note that adiabatic convection yields
B dlnp
dlnV 7
For the sheet pinch this yields
dlnp
— 2
dlnr <&

which is the small 3 approximation of our prior result.

Note, however that this is somewhat heuristic or intuitive and lacks the rigour or the prior discussion.

3.7 Magnetohydrodynamic Waves

In the following we want to examine typical waves in the single fluid plasma. The treatment is similar
to for instance sound waves but clearly one expects that the magnetofluid has more degrees of freedom
and wave propagation should depend on teh orientation of the magnetic field, i.e. it is not isotropic as in
the case of sound waves. Note that in the cause of waves in gravitationally stratified atmosphere wave
propagation is also nonistropic and gravity allows for a new wave mode the so-called gravity wave.
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In the case of MHD we start from the full set of linearized ideal MHD equations.

85% = —V-(puu)—Vp%—i(VxB)xB
8@_]? = V X (uxB)
% = —u-Vp—1pV-u

where we have already combined the induction equation and Ohm’s law. Now we linearize the equation
as in the previous section, however, we do not introduce a small displace but rather keep u; as a variable.
Specifically the MHD variables are expressed as

p Po + p1
u = u

B = By+B;
P = pPotp

For simplicity we assume all equilibrium quantities to be constant, i.e., we do not consider and inhomo-
geneous plasma. Substitution of the perturbations into the MHD equations yields similar to the small
displacement treatment

po% = —Vp + i (V xBy) x By
% = V x (u; x By)
% = —poV - u

Taking the second derivative in time of the momentum equation yields

82111 8}?1 1 8B1
= -V i+ i)« B
P Vat+M0<Vx 8t)x 0
Bj
= oV (V- -w) + o (V x (V% (u; xep))) xep
0

where we used By = Bpe. Now dividing by p, and with the definitions for the speed of sound ¢, and
the Alfven speed v 4
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2 = JPo
p
BZ
v = —-
4 Hopo
we obtain
aZU1 2 2
o GV (V-ur) + 03 (VX (V x (ur xep))) X ep

We will now try to find the solution as plane waves by assuming

u; = Uy exp (ik - x — iwt)

which leads us to

wiuy =k (k-uy) —viep x (k x (k x (u; x ep)))

We now choose a coordinate system where the z axis points along the equilibrium (constant) magnetic
field and the k vector is in the z, z plane and given by

k=Fk e, + kHeZ
This leads to the following three components for the equation:
(w2 — vikﬁ — (ci + Ui) ki) Uty — cik”klulz =

(w2 — U%]{?ﬁ) Uy =

(w2 — cikﬁ) Uy, — cik”klulx =

or in matrix form W - u; =0

w? — vi/{;ﬁ — (2 + vy K% 0 —c2kyky Uty
0 w? — vi/{;ﬁ 0 uy | =0
—C?/{?”/{/‘J_ 0 w2 — Cgk‘ﬁ U1y

Exercise: Derive the above matrix.

These equations are linear independent and provide nontrivial solutions if the determinant is equal to
zero.

a) Alfvén wave:

The first nontrivial solution is determined by the y component of the above equations. This component
separates from the other two because w;, does not appear in the first and third equation. In the determinant
w? — vikﬁ appears a a common factor. The solution is
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k2 B?
2 _ 272 _ 70
w = UAkH = ,LL—
0£0
or
k-B
w=4+— 0 _ +kvgcosf
(M0P0)1/2
The group velocity v, = dw/dk is
By
Vg = im = j:UAeB

which is independent of k and always along the magnetic field. The phase velocity is

w
Uph, = = +v4 cos

where theta is the angle between k and Bg. This wave is the Alfiven wave.

A common representation of phase and group veloc- A
ities is the Clemmov-Mullaly-Allis diagram which
represents phase and group velocities in a polar plot e S

where the radius vector represents the magnitude of / N

the velocity and the angle is the propagation an- / \

gle theta. Note that the direction of the group ve- ; 9 \
locity for Alfv\’en waves (which is the direction in ! >
which energy and momentum is carried) is always ! !
along the magnetic field! Note also that the case for \ VA )/
6 = 90° is singular in that wave does not propagate N ,
and the points with # = 90° should be excluded from ~ -7

the group velocity plot.

Further properties of Alfvén waves:

e \elocity perturbation u; 1 B,

e Wave is incompressible: V -u; =ik -u; = 0oru; Lk

Magnetic field perturbation: wB; = —kx (u; x By) = —kjuy, i.e., the magnetic field perturbation
is aligned with the velocity perturbation (and both are perpendicular to k and B,.

Current density j; ~ k x By, i.e., the current perturbation is perpendicular to k and By.

Alfvén wave also exist without steepening with nonlinear amplitudes.

Considering a localized perturbation for B; along the k vector propagation of an Alfven wave and the
deformation of the magnetic field is presented in the following figure.
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The Alfvén wave is of large importance in many plasma systems. It is very effective in carrying energy
and momentum along the magnetic field. Among many space plasma applications the Alfvén wave is
particulalry important for the coupling between the magnetosphere and the ionosphere. Here perturba-
tions (convection) from the magnetosphere are carried into the ionosphere and depending on ionospheric
conditions cause convection in the high latitude ionosphere.

A coomon diagnostic to identify Alfvén waves in space physics is the use of the so-called the Walen
relation.

B
v Hop

This relation is valid for linear and nonlinear Alfvén waves, and can also be used to identify the corre-
sponding (nonlinear) discontinuities.

Au = +Avy = +£A

b) Fast and slow mode:
The other nontrivial solution is given by det W = 0 or

(W? — ik} — (& +03) kT) (w* — k) — cokfk? =0

This is the dispersion relation for 4 additional solutions which are given by the roots of the equation.
Since the equation is double quadratic, i.e., depends only on w? there are two different solutions for w?.
Abbreviating c¢; = ¢ 4 v3 (where the f stands for fast mode - the reason for this will be clear in a
moment) one can re-write the equation as

wt — c?kzuﬂ + vicik‘ﬁﬁ =0 (3.37)
with the solutions
1/2
2 ki
w? = 5 c?c + c;lc — 41)%03@
]{32

1/2
= 3 {vi + 2+ [(vi + 03)2 — 40?2 cos? 9} }
Here the solution with the + sign is called the fast mode and the solution with the — sign the slow mode.
Fast wave:

This is the MHD wave with the fastest propagation speed, i.e., information in an MHD plasma cannot
travel faster thant this velocity.
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Phase speed along the magnetic field: w?/k? = max [v%, ¢?]

Phase speed perpendicular to the magnetic field w?/k* = ¢; = v3 + ¢

Limit for ¢ < v% @ w? —vik? = => the fast mode becomes the so-called compressional
Afvén wave. Note that the compressmnal Alfven waves has a group velocity equal to its phase
velocity (different from the regular or shear Alfven wave).

Limit for v < 21 w? —c?k* =0 => the fast mode becomes a sound wave.

The most prominant example of a fast wave in space physics is the Earth’s bow shock. This shock forms
as a result of the solar wind velocity which is faster than the fast mode speed. The fast wave is also
important in terms of transporting energy perpendicular to the magnetic field. The slow mode group
velocity is as for the Alfven wave along the magnetic feild and it is comparably small. Thus the fast wave
is the only MHD wave able to carry energy perpendicular to the magnetic field.

Group
z,By  Velocities

e ~ o - S~ -
7 C ~ e ~N
N N
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,~ mode AN ,~ mode AN
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/ \ / \
1 3> | .
1 S | )
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\ \
\ ,/ \ slow /’
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Slow wave:

The slow wave is the third of the basic MHD waves. The phase velocity is always smaller than or equal
to min [v%, ¢Z]. Basic properties:

Phase speed along the magnetic field: w?/k? = min [v%, ¢?].
Phase speed perpendicular to the magnetic field w? /k? = 0.
In the limits of ¢2 < v% and v3 < ¢2 the slow wave disappears.

Applications of the slow wave are not as eye catching than those for the other MHD wave but the wave is
important to explain plasma structure in the region between the bow shock and the magnetosphere, and
well know for applications such as magnetic reconnection.

Concluding remarks:

There is an additional wave which in MHD which is the sound wave. This is obtained by using k, = 0
and u; = 0 such that the velocity perturbation is along the magnetic field and thus the magnetic field
perturbation is 0. However, it is singular in that it exists only for propagation exactly along the magnetic
field, i.e. the velocity is exactly parallel to B, and the k vector is also exactly parallel to Bg. In fact the
sound wave can be either part of the slow wave or part of the fast wave solution depending on whether
2 <viorc? >,
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Exercise: Derive the dispersion relations for k parallel to By. What are the three wave solutions.

It should also be remarked that similar to a sonic shock wave the MHD waves are associated with re-
spective shocks or discontinuities, I.e., there is a fast shock for the transition from plasma flow that is
super-fast (faster than the fast mode speed) to sub-fast (slower than the fast mode speed), a slow shock,
and an intermediate shock corresponding the Alfvén wave.



